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1. Prove that:

(a). [3 points] For positive integers m and n, the g.c.d of 2m − 1 and 2n − 1 is 2(m,n) − 1,
where (m,n) is the g.c.d of m and n.

(b). [2 points] If 2n + 1 is an odd prime, then n is a power of 2.

2. [5 points] Given any positive integer k, prove that there are k consecutive integers each divisible
by a square > 1. (Hint: Use Chinese remainder theorem.)

3. [ 4+1 points] Let Z[i] = {a+ ib |a, b ∈ Z}. Prove that Z[i] is a Euclidean domain. Find the units
in Z[i].

4. [5 points] Prove that if p is a prime, then there exists (p− 1)φ(p− 1) primitive roots modulo p2.

5. [5 points] Use quadratic reciprocity law to find the primes p > 2, such that the congruence

x2 + x+ 1 ≡ 0 (mod p)

have solutions.

6. Let p ≡ 1 (mod 4).

(a). [2 points] Show that a is a quadratic residue modulo m iff p − a is a quadratic residue
modulo m.

(b). [2 points] Find the sum of all quadratic residues of p.

(c). [3 points] Show that

p−1∑
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)
= 0.

7. Let p = 22
n

+ 1 be prime. Show that

(a). [3 points] Every quadratic non-residue modulo p is a primitive root modulo p.

(b). [2 points] 3 is a primitive root modulo p > 3.

8. [3 points] Let p = a2 + 4b2 be prime. Show that
(
a
p

)
= 1.
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